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ABSTRACT 



We calculate two- and three-point tachyon amplitudes of the SL(2,1R)/U(1) 
two- dimensional Euclidean black hole for spherical topologies in the continuum 
approach proposed by Bershadsky and Kutasov. We find an interesting relation to 
the tachyon scattering amplitudes of standard non-critical string theory. 
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1. INTRODUCTION 



One of the most interesting recent problems in string theory is the study of 
the two-dimensional black hole solution. So far, we have not been able to solve the 
many conceptual problems of four-dimensional black holes, such as the breakdown 
of quantum coherence at the endpoint of black hole evaporation as advocated by 
Hawking [1] , the existence of no-hair theorems or the cosmic censorship hypothesis 
of Penrose. 

With the hope that string theory may provide a natural framework to address 
these problems in a simplified context, Witten [2] proposed that the exact confor- 
mal field theory that describes a black hole in two-dimensional space-time can be 
formulated as an SL(2,1R)/U(1) gauged Wcss-Zumino- Witten (WZW) model. He 
argued that the standard c = 1 matrix model could be regarded as an analog of 
the extreme Reissner-Nordstrom black hole of four-dimensional general relativity, 
and that the c — 1 ^'-matrix includes the formation and evaporation of black holes 
in intermediate processes. However the exact solubility of this model and the ex- 
istence of the Woo symmetry may constrain the physical events [3]. Ellis et al. 
[4] concluded that quantum coherence would be maintained during the black hole 
evaporation due to these infinite number of conserved quantities. 

It is therefore important to understand the relation between the 2-D black hole 
and the standard two-dimensional non-critical string theory, which may further 
shed some light on other important questions such as the background independence 
in 2-D string theory. 

The exact background metric of Witten 's black hole has been determined by 
Dijkgraaf, E. Verlinde and H. Verlinde [5]. They compared this model with c = 
1 coupled to Liouvillc and concluded that there might be differences, since for 
example the reflection coefficients of tachyons off the black hole geometry do not 
agree. Eguchi et al [6] have shown that the free field BRST cohomologies of both 
models coincide, although Distler and Nelson [7] emphasized that if one works 
directly in the current algebra module there appear new discrete states, which 
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have no counterpart in c = 1. Independently Chaudhuri and Lykken [8] showed 
that the discrete states of the black hole form a Woo-type algebra, which has been 
analysed by Oz and Marcus in detail [9]. 

The connection between the 2-D black hole and the c — 1 standard non- 
critical string has been studied by Bershadsky and Kutasov [10]. They used an 
equivalent formulation of the SL(2,1R)/U(1) coset in terms of the Wakimoto free 
field representation of SL(2,1R), which makes the calculation of the 5"- matrix 
possible. They discussed the spectrum of the 2D black hole and found that the 
bulk correlation functions of tachyons (without interactions) agree with the c = 1 
correlators without cosmological constant. The purpose of this paper is to analyse 
whether this equivalence still holds if the interactions of both models are taken 
into account. We will do this at the level of two- and three-point functions and 
find a remarkable analogy. We will speculate whether this equivalence holds for the 
A^-point function, although concrete calculations will appear in a later publication. 

This paper is organized as follows. In section 2 we summarize the SL(2,1R) /U(l) 
coset model following closely [5]. We review the form of the currents, the gauged 
fixed action and tachyon vertex operators in the Wakimoto free field representation 
[10]. Furthermore, we review some facts about the cohomology of the black hole [6] 
[7]. In section 3 we calculate the three-point function of tachyon vertex operators 
in the black hole background. We begin with the correlation function containing 
one highest weight state and can obtain the general three-point function using the 
SL(2,IR) structure. In section 4 we determine the form of the two-point function of 
(not necessary) on shell tachyons. We compare our results with c — 1 non-critical 
string theory, the work of Dijkgraaf et. al. [5] and the deformed matrix model of 
Jevicki and Yoneya [11], which has been proposed to be the discrete matrix model 
formulation of the black hole conformal field theory. In section 5 we give our con- 
clusions and some general remarks about A'^-point functions. In appendix A we 
calculate the three-point function with one screening as an illustrative example. 
We analyse contact term interactions that arise in our computations in detail. We 
review the most important formulas for our calculations in appendix B. 
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2. THE SL(2,IR)/U(1) WZW-MODEL 



In this section we review the Lagrangian formulation of the SL(2,IR) /U(l) coset 
in terms of the Wakimoto free field representation and some basic facts about the 
cohomology of the 2D black hole. 

2.1. The Gauged WZW-Model 

The conformal field theory that describes a black hole in two-dimensional target 
space-time has a Lagrangian formulation in terms of a gauged WZW-model based 
on the non-compact group SL(2,IR) [2]. The ungauged SL(2,IR)-WZW model has 
the following action: 



Swzwig) = y d^xVhh'Hr{g-'digg-%g) + ikr{g), (2.1) 

E 

where E is a Riemann surface with metric tensor /i*-^, : E — > SL(2,IR) is an 
SL(2,IR) valued field on E and /c is a real and positive number. The Wess-Zumino 
term, which guarantees conformal invariance is usually represented as: 



m d?ye^HT{g-^dagg-%gg-^d,g), (2.2) 

B 

where S is a three-dimensional manifold with boundary E. 

The action (2.1) possesses a global SL(2,lR)x SL(2,]R) symmetry, since it is 
invariant under g — > agh~^ with a, 6 e SL(2,IR). The gauge-invariant generalization 
of (2.1) is formulated in terms of an Abehan gauge field A: 
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Swzw{g.A) = Swzw{g)+^ j d^z{AtT{Gg-^dg)+AtT{Gdgg-^)+AA{-2+tT{GgGg-^))^ 

(2.3) 

/O -^ \ 

where G — \ ^ I for the Euchdean theory. If we impose the Lorentz gauge 

condition daA'^ = 0, the gauge shce can be parametrized as A" = e'^^dp^, and 
the complete gauge-fixed action of the Euclidean theory is given by [5] : 



S^zw = Swzwig) + ^($) + S{b, c), (2.4) 
where $ is a free scalar field: 

S{^) = --^ /" d'^zd^d^, (2.5) 
47r J 

and {b, c) is a spin (1,0) system of ghosts: 

S{b,c) = J d'^{bdc + bdc). (2.6) 

From (2.4) we see that the gauged WZW model can be expressed through the 
ungauged SL(2,1R)WZW model and the action of the free fields $, b and c. As 
already remarked in [5] this makes the quantization straightforward. 

To quantize the ungauged theory we notice that the SL(2,IR)symmetry gives 
rise to the conserved currents: 



J = J«i« = --dgg-' , J = J«i« = ~g-'dg, (2.7) 

where — iai/2, — (72/2 and — and are the Pauli matrices. The 

modes of these currents satisfy the SL(2,IR)current algebra of level k, which is 
equivalent to the following operator product expansion (OPE): 
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J3(.)J± = ±-^ + ... 
[z — W) 



k 

Js{z)Js{w)^-j-^ + .... (2.8) 



2.2. The Wakimoto Free Field Representation of SL(2,]R) 

Like in the case of SU(2) [12] the SL(2,]R)current algebra can be represented 
in terms of a spin (1, 0) chiral bosonic system and a free boson $ satisfying 
[13]: 



{-fiz)i3iw)) = --^ , {d^{z)d<i>iw)) = -^^-T2, (2.9) 
[z — w) [z — w) 

and the same holds for the antiholomorphic fields 7 and f3. If we introduce the 
notation = 2A; — 4, the currents that satisfy the OPE (2.8) have the following 
form: 

J+{z) = P{z) , Mz) = -miiz) - ^d<P{z) 

J-{z) = P{z)j'^{z) + a+j{z)d(f>{z) + kdj{z). (2.10) 

The stress tensor follows from the Sugawara construction and is given by the 
following expression: 

TsU2,JR)--Jj^^ ' A = -^: J+J_ + J_J+: + : J3J3:, (2.11) 
which after inserting the currents leads us to: 
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7SL(2,]R) = /397 - \{dct>f - ^d^ct>. (2.12) 

This energy momentum tensor has a central charge as a function of the level k of 
the Kac-Moody algebra: 

c=^. (2.13) 

To determine the form of the primary fields in the Wakimoto representation, we 
need to introduce some basic facts about the representation theory of SL(2,1R)*. 
The basic fields from which we can build all the other states are the Kac-Moody 
primaries that satisfy: 



J±|j,m) = J3|j,m)=0 for n > 0, (2.14) 

and are characterized by the zero mode Casimir eigenvalue j and by the eigenvalue 
of Jl 

^o\j,m) = j{j + l)\j,m) , jQ\j,m) =m\j,m), (2.15) 

where Aq = -^4^0 + ^0 4) + (4)^- Wc can construct the representation by 
acting with raising and lowering operators Jq and Jq. A solution of (2.15) is 

•^o"li'^) = {-m + j)\j,m + l) 

(2.16) 

Jq\J^^) = {-'m-j)\j,m-l). 

If j e IR it is standard in the representation theory of SL(2,1R) [14] to introduce 

new states \j, m) that satisfy 



★ We thank L. Alvarez-Gaume for his notes on representation theory of SL(2,]R). 
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-m){j + m + l)\j, m + 1) 



VU + -m + l)\j, 



m — 1) 



jQ\3,m) = m\j,m) 



(2.17) 



These recursion relations are satisfied up to a function depending only on j, if we 
normalize the states as: 



We will work with the states that satisfy (2.16) unless otherwise stated. These 
Kac- Moody primaries define an irreducible representation of SL(2,1R) on which 
we can impose two types of constraints [7] : 



Hermitian representations of SL(2,lR)can be classified as follows [15]: 

• Principal discrete series: Highest- weight or lowest- weight representation. Con-| 
tain a state annihilated by Jo"*" and Jo~ respectively. They are one-sided and 
infinite dimensional. Prom (2.16) we see that these modules satisfy either 
(j -|- m) or {j — m) is an integer and: 



I J, m) = ^T{j + m + l)T{j 



m + m). 



(2.18) 



1 . Hermiticity constraints. We demand that Aq and Jg should have real eigen- 
values. This means m G IR and j = — | + or j G IR . The types of 



HWS module) — \j, m) 
LWS module) = |j, m) 



m = -J, -J + 1, . . . 



m 



(2.19) 



If in addition 2j is an integer, the representation is double sided. 



• Principal continuous series. Satisfies j = — 2 + iA with A, m G H. 



7 



• Supplementary series. In this case j G H, but neither j + m nor j — m is an 
integer. 

2. Unitarity constraints. The states are constrained to have positive norm, i.e. 
JqJq and Jq Jq should have positive eigenvalues. This imposes restrictions 
on the allowed values of j. We will not impose any constraints of unitarity 
on our states. 

The Kac- Moody primaries \ j, m) are created, in the Wakimoto representation, 
by the action of the following (not normalized) "tachyon" vertex operator on the 
SL(2)-vacuum: 



Vjm{z)^:i^-"'{z)e^''^^'^ (2.20) 

and the same expression for the antiholomorphic part. These vertex operators have 
the following OPE with the energy momentum tensor and the currents: 



T{z)Vjm{w) 



(z — w)' 



{z — w) 



J%z)Vj ^{w) = T^^V,- m{w) + ... 
[z — w) 



(2.21) 



Using the free field representation of the currents (2.10), it is easy to check that 
Vj m satisfies the definition of a Kac-Moody primary (2.14), as well as (2.15) and 
(2.16). The conformal dimension of Vj m, obtained from the OPE with the energy 
momentum tensor (2.12), is: 



hj,m = (2-22) 



The action associated with the energy momentum tensor (2.12) is: 
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S^ — [ d(j)d(f) - —R^'^U + Pd-f + pd^. 
2% J a+ 



(2.23) 



If we would like to calculate correlation functions of the vertex operators Vj m 
we would need a screening charge, in order to guarantee for the charge conservation 
arising from the zero mode integration. This screening charge can be obtained 
directly from the WZW model (2.1), if it is mapped with the Gauss-decomposition 
to a Wakimoto free field theory [16]. It can be constructed independently [10] if 
we take into account that the ungauged model has the SL(2,IR)symmetry, which 
leads to Ward identities for the correlators: 



/ h 

{T{z)Vi{zi, zi) ... Vn{zn, zn)) = ^ ( 1— 

i=i 



^ ^ Id 



ZiY (z - Zi) dzi 



{Vi{zi,zi) . . . Viv(^iv, 



{r{z)Vi{zi, zi)... Vn{zn, zn)) = ^i) • • • ^NizN, zn)). (2.24) 



i=i - 



Since these identities should be satisfied in the free field representation, the screen- 
ing charge must have a regular OPE with the stress tensor and the currents. We 
must also take into account that only positive integer powers of (5 are well defined 
through bosonization, as we will see in a moment. The screening that satisfies 
these conditions can be represented as the following surface integral: 

Q = Jd^zJ{z,z) , J{z,z) = (3{z)p{z)e~^'^^^'^\ (2.25) 
One can easily check the identities [12] 



J+{z)J{w,w) ~ reg. , J3{z)J{w,w) ~ reg. 

J.i.)Ji^,^)^-i^-^—^j. (2.26) 

The total derivative appearing in the last OPE requires a careful treatment of 
contact terms*, as we will do later. This comes from the fact that we are working 
with a surface integral and not with a contour integral, where this contribution 
generically vanishes. As is known to be correct for a Coulomb gas model [17] or 
Liouvillc theory [18] [19] [20], the screening charge will be added to the action and 
considered as the interaction of the model [10]: 



S^ — I d(f)d(f) - —R^'^U + Pd-f + pd^ + 2TTMppe «+'^. (2.27) 
27r J a+ 

The parameter M has been identified with the mass of the black hole [10] [6] 
that is responsible for the non-trivial background of the theory. 

To evaluate correlation functions, it will be useful to bosonize the /3-7 system 
as follows [21]: 

p^-idve" , 7 = e", (2.28) 
where u and v are ordinary bosons 



{u{z)u{w)) = {v{z)v{w)) = - \og{z - w). (2.29) 

This allows us to make sense of fractional and negative powers of 7, while f3'^ is 
well defined only for a positive integer. 



★ We thank G. Moore for pointing this out to us. 



10 



As already emphasized in [10] the reaUzation of the sigma model (2.1) with a f3- 
7 system, where the left and right scheme are completely decoupled, corresponds to 
a particular choice of contact terms. Different choices of contact terms correspond 
to different choices of coordinates in the coupling constant space [22] [23], i.e. the 
space of metrics. 



2.3. The Cohomology of the Gauged Model 



To construct the conformal field theory of the Euchdean black hole we are 
interested in the coset SL(2,IR)/U(1). To gauge the U(l) subgroup, we introduce 
a gauge boson X and a pair of fermionic ghosts S, C of spin 1, respectively: 

{dX{z)dX{w)) = -^j^ , {C{z)B{w)) = (2.30) 

For the Euchdean theory the boson X is compact with radius R — Vk in units of 
the self dual radius. The nilpotent BRST-charge of this symmetry is: 

Q^^^) ^ j C{z)[j^ -i^l^dX^z. (2.31) 

The tachyon states of the gauged theory are the dressed ghost number zero primary 
fields, which are invariant under Q^^^^'^: 

Vj m 7^'-"^e^^''^e*"^^^ : . (2.32) 

The conformal weight of these fields is 

t Since j and m are arbitrary at this moment, these operators will be called tachyons. 
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obtained from the OPE with the energy momentum tensor of the U(l) gauged 
theory: 

7SL(2,]R)/U(i) = Pd^ - ^(90)2 - ^d^<l> - lidXf - BdC. (2.34) 
The central charge of the gauged model: 

c=^-l (2.35) 

is c = 26 for k — 9/4. The total anomaly cancels if we take into account the pair 
of fermionic diffeomorphism ghosts 6, c of spin 2, —1, respectively, with central 
charge Cg^ = — 26 and energy momentum tensor: 



Tgh = -2hdc - dbc. (2.36) 

The total stress tensor is given by T^ta/ = ^SL(2,]R)/U(i) + Tgh- For k = 9/4 the 
additional bosonic Liouville field decouples. We will see later however, that it 
will be important in order to define a consistent regularization of the correlation 
functions. 

The BRST operator coming from the diffeomorphism invariance 

g W = j ,(^) (tsl(2,ir)/u(i) + \Tgh) , (2.37) 

satisfies 

(gW/)2^0 , {Q^^^\Q^'^^}^Q. (2.38) 
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Invariance under Q^*-^-^ up to a total derivative implies the on shell condition 



k-2 k 

which is, for A; = 9/4: 

2j + 1 = ±^m. (2.40) 

Since we are deahng with two BRST charges, one can consider the cohomology of 
Qtotal ^ j^QDiff Qj. iterated cohomology, where the states are annihilated 
by each of the BRST operators [7], as done in [10]. The complete cohomology of 
the gauged WZW model has been computed in [7] [6]. 

Using the Wakimoto free field representation (without screening charge) , Eguchi| 
et al. [6] have determined the cohomology of Q*°*°'\ which is beheved to agree with 
the iterated cohomology. It coincides with the cohomology of c = 1 Liouville theory 
without cosmological constant [24]. Prom physical reasons one could expect that 

(at least for tachyons) a similar correspondence may exist if the interactions are 
taken into account [25], although to our knowledge this has not yet been proven. 

Distler and Nelson [7] calculated both cohomologies directly in the current 
algebra module. In addition to the tachyon and c — 1 discrete states, they obtained 
new discrete states, which have no counterpart in Liouville theory coupled to c = 1 
matter. The discrete states classified in [7] are: 



(2.39) 



r>± : m = ± 



3(2s - 4r - 1) 
8 



. _ 2s + 4r - 5 
J - ^ 



: m = ± 



3(s-2r + l) 



s + 2r - 3 



(2.41) 



C : m — 



3(s - r) 



s + r — 1 
3 = ^ , 
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where r, s are positive integers. The states V are the new discrete states, while 
T)^ appear in c = 1 Liouville theory as well as C and belong to the discrete and 
supplementary series of SL(2,IR) respectively. We will see later how part of this 
spectrum appears as poles in tachyon correlation functions, as it is known to hold 
for minimal models or c = 1 matter coupled to gravity [18] [19] [20]. 

As a prescription to "glue" together the left and right representation, we will 
consider in analogy to [5] only spinless SL(2,1R) primaries i.e. with m = ffi. For 
the compact boson X we have furthermore the restriction: 

■m—-{ni + n2k) , fh — —-{ni — n2k) , ni,n2GS. (2.42) 

States with ni = are called winding modes. The momentum modes which satisfy 
^2 = are out of the theory, since they have spin. 

3. THE THREE-POINT FUNCTION 

In this section we calculate the three-point function of tachyons in the black 
hole geometry. We begin with the correlator containing one highest weight and 
will see that the SL(2,lR)structure fixes the correlators involving three generic 
tachyons. 

3.1. The Conservation Laws for TV-point correlators 

The free field approach is appropriate to compute the amplitudes, which obey 
a special energy sum rule, where the number of screenings s is a positive integer. 
As in the case of the tachyon background, the desired correlators are determined 
indirectly by an analytic continuation in s [18] [19] [20]. In general we wish to 
calculate the following scattering amplitude: 
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■JN 
.TUN 



= (V,i 



31 mi 



.V 



jN ruN 



d^zppe 



)m=o 



(3.1) 



containing N tachyons Vj m and s screening charges. We will use a shorthand 
notation for the vertex operators, where the antiholomorphic dependence with 
m — fh will be understood throughout. 

The conservation laws for an A^-point amplitude are obtained from the zero 
mode integration of the fields [10]. Integrating over the zero mode 0o = ~ a la 
Goulian and Li [18] gives: 



(11 rn.) = MT(-s)(n h ( / PPe'^'^dh) )m=o, (3-2) 
1=1 1=1 ^-^ ^ 

where 



N 

S 

1=1 



= Ej'^ + 1 (3-3) 



and we have absorbed a factor —a+/2 into the definition of the path integral. Prom 

the zero mode of X it follows that 



TV 



J^rrii^O. (3.4) 



1=1 



The number of zero modes of the (3-'y system, determined by the Riemann-Roch 
theorem, leads for spherical topologies to the condition: 



#/? - #7 = 1- (3.5) 
This constraint is equivalent to (3.3) and (3.4) for states of the form (2.32). 
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For an arbitrary correlator the number of screenings will not be a positive 
integer. We will determine the correlator on the r.h.s. of (3.2) for integer screenings, 
and more general amplitudes are obtained by an analytic continuation in s. We 
begin with the three-point functions, since we can use similar tricks to calculate 
two-point functions in a simple way. 

3.2. The Three-Point Function with One Highest- Weight State 

It turns out that the simplest way to address a general three-point tachyon 
amphtude is to take one state belonging to the discrete representation of SL(2,IR). 
We choose in this section one of the tachyons as a highest-weight state, for example 
ji = nil. We will see later, that an arbitrary three-point function, where no 
restriction to the representation to which the tachyons belong is made, can be 
expressed as a function of this one. The reason for this is that the SL(2,1R) 
Clebsch-Gordan coefficients can be analytically continued from one representation 
of SL(2,IR) to the others [15]. For the time being, the level of the Kac- Moody 
algebra is still arbitrary and we will need this restriction only when we want to 
make the analytic continuation in the number of screenings at the end. 

Using SL(2,(D) transformations on the integrand, we can fix the three-tachyon 
vertex operators at {zi, Z2, zs) = (0, 1, oo)*: 



i=l 

This correlator has the following form after bosonizing the (3-^ system: 

★ We will drop the zero mode in the next formulas. 
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dz\. . .dzs dzi... dzs 

1=1 i<] 

(3.7) 



where: 



V^\{{l-Zir^-^^\{{zi-z^\ (3.8) 

i=l i<j 

The derivatives of the above expression come from the bosonization of P (2.28). 
We can show that the following identity holds: 



dzi... dzs r(-j2 + m2) fj^ 



The proof uses the definition of the Vandermonde: 



Wi^i - ^j) = E ^Wn{p)zl^^) . . ■ z;il (3.10) 
i=l a(p{l),...,p{s)) 

where the sum goes over all permutations of the indices. Inserting this expression 
for the Vandermonde in the definition of V lead after a simple calculation, to (3.9). 
We introduce the notation A{x) = r(x)/r(l - x) and p = -2/q;^ = -l/{k - 2). 
The complete expression for the amplitude is: 



^ i::, = (-y^ij2 -m2+ i)A{js -ms+ mh,j2,j3, k). (3.11) 



We have used the identity: 



17 



r(-j2 + m2 + s] 

r(-j2 + 7712) 



;-)'A(j2 -1712 + l)A(j3 - ms + 1) 



(3.12) 



which holds for integer s. The remaining integrah 



I{ji,j2,j3,k)^M'r{-s) / lldhi\zi\-'P^^\l-Zir^P^^-^ll\zi-Zj\^P (3.13) 

can be solved using the Dotsenko-Fateev (B.9) formula of [17]. A careful treatment 
of the regularization for the case k = 9/4 is needed. We will discuss this solution 
and the analytic continuation to arbitrary s later. From the above simple result, 
we can already see that SL(2,]R)fusion rules appear (see for example the appendix 
of [8]). If the second tachyon is also in the highest- weight module, i.e. m2 = 
j2 — INT, then the result vanishes unless the conjugate of js is also in the discrete 
representation i.e. M = J — IN, where (J, M) — (—1 — js, — ms). We will now see 
how this generalizes for an arbitrary three-point correlator, where a proportionality 
to a Clebsch-Gordan coefficient appears. 

3.3. Three-Point Function of Arbitrary Tachyons 

After getting an expression for the three-point function containing one highest- 
weight state and two generic tachyons, we would like to see how we can obtain the 
amplitude of three generic tachyons. Acting with the lowering operator Jq = 
§ J~{z)dz we compute the amplitude ■^^"'ma' where the holomorphic mi = 

ji — ki dependence has been changed by an integer ki. We will make an analytic 
continuation in k\ to non-integer values, while for the time being s will be taken as 
an integer. Our computation shows that the general three-point function of (not 
necessarily on shell) tachyons has the form: 
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Attt-C'l{h,j2,j3,k), (3.14) 

where C is essentially the SL(2,1R) Clebsch-Gordan coefficient, whose expression we 
now calculate. The square takes the antiholomorphic rh dependence into account. 
We will use the Baker-Campbell-Hausdorff formula: 

e^'^Vjme-'^'^ = E fcft'^o^V, -],, (3.15) 

k=Q 

where we have defined 



[Jq ,Vjm]o = Vjm , [-^0 ^^3m]k^[JQ , ["A) i^j m\k-l\- (3.16) 

The lowering operator Jq acts on the holomorphic part of the vertex operators: 

[>^0"' ^3 m] = -{j+m)Vj m-1 , [Jq, Vj m]k = l")^ p(^!| ^'^^ ^ m-k- 

(3.17) 

We are going to use the fact that Jq commutes with the screening charge Q, which 
is actually only true up to a total derivative. The surface terms that appear are 
discussed in appendix A. It is shown that they can be neglected in a particular 
region of (jj,mj), and the other regions can be obtained by analytic continuation 
[26]. With the above formulas and the fact that Jq" annihilates the vacuum, we 
get an identity for the general amplitude as a function of the one with one highest 
weight state, if we identify in powers of a the r.h.s. and l.h.s. of: 
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- gMs r(j2 + m2 + l) r(j3 + m3 + l) ,3 
, , A;2!A;3! r(j2 + m2 + 1 - A;2) r(i3 + 7713 + 1 - A;3) "^^"^^ "^^"'^^ 



^ {-af-^ r(2ji + 1) 
A;i! r(2ji + 1 - 



m..- (3.18) 



Taking into account the antiholomorphic m dependence and formula (3.11) we get: 



Ah h h ^ ( r(-2jl) 1 r(A:i + l) r(j2 + ma + 1) 



r(A;i - 2ji) ^ n\ r{ki + l-n) r{j2 + m2 + l-n) 

. 2 

r(j3 + m3 + l) r(-j2 + m2-n + 5 
r(j3 + 1713 + 1 -ki + n) r{-j2 + m2-n) 



(3.19) 



Our aim is to give up the condition that ki is an integer. First we notice that the 
above sum can be extended to 00 and written in terms of the generahzed hyper- 
geometric function 3F2 (B.5), which has a definition in terms of the Pochhammer 
double-loop contour integral that possesses a unique analytic continuation to the 
whole complex plane of all its indices [15]. Comparing (3.14) and (3.19): 



r(-2ji) r(j3 + m3 + i) r(ji+j3 + m2 + i) 



r(-ji - mi) r(-j2 + m2) r(-ji + js -m2 + l) 

lim 3-^2(i2-m2 + l,mi-ji, -j2-m2; -ji-j3-m2, -ji+j3-m2 + l\x). (3.20) 
a— >i 



The appearance of the generalized hypergeometric function in our result is natural, 
since this function is always present in the theory of SL(2,IR)Clebsch-Gordan 
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coefficients [15]. It can be expanded in s, which will be useful to check the analytic 
continuation in ki in simple examples, as we do in appendix A. In general 3-F2 has a 
complicated expansion as a sum of F functions. Fortunately, for on shell tachyons, 
which is the case we are interested in, we get a simple result. 

We will consider three tachyons on the right branch satisfying j > —1/2. To 
fulfil the m conservation law (3.4), we take without loss of generality 1712 < 0. If 
we choose k — 9/4: the on shell conditions are (2.40): 

2j2 + l = -^m2 , 2ji + l = ^mi for i = l,3. (3.21) 
This fixes j2 as a function of the screening. 



i2=2-:j , m2 = --s--. (3.22) 

With this kinematic relations it is easy to check that the generahzed hypergeometric 
function is well-poised and we can apply Dixon's theorem [27] to simplify 3F2. With 
(B.6) it is straightforward to obtain: 



We now have to evaluate the remaining part of the amplitude (3.14). The integral 
k) can be solved using the Dotsenko-Fateev (B.9) formula [17]: 

X(J1,J2,J3,^)=MT(-S) j f[d^Zi\zi\-^P^^\l- Zi\-^P^--''\[\zi- Zj\^P 

i=i i<3 (324) 

= p'\-.^{l-p)Mr{^-i^^^\ny2 , 
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where 

s-1 s-1 I 

3^13 = n A(-2Jlp+^p)A(-2J3P+^p) , 3^2 = r(-s)r(s+l) J] A((z+l)p)A(-2j2P+^p) 

1=0 i=0 I 

(3.25) 

This result holds for arbitrary level k but integer screenings, so that it has to be 
transformed in order to obtain an expression valid for a non-integer s. This analytic 

continuation will be done a la Di Francesco and Kutasov [19], using the on shell 
condition and taking the kinematics into account. From the above definition we 
notice that 3^2 has dangerous singularities for k = 9/4, i.e. p = —4, while 3^13 is 
well defined since ji and js could be chosen arbitrarily. 

We first consider 3^13. Choosing ji,js ^ S/8 and the kinematic relations for 
p — —4, we obtain: 

3^13 = P^'~^ n ^(-8^'^ - 2)^(2i* + I) ■ (3-26) 

1=1,3 

The product 3^2 is more subtle because we have to find a regularization that 
preserves the symmetries of the theory (sec [28] for related issues to this subject). 
We will shift the level k away from the critical value and introduce a small pa- 
rameter £ — 0, that can be set to zero for 3^13. This can be done by setting 
p = —4 -|- 16s, i.e. k = 9/4 -|- s, and taking the limit s —> 0. With this modification 
of the level, the total central charge will be of order e and the Liouville field e^'^'^ 
has to be taken into account in order to get an anomaly-free theory. For the on 
shell condition we make the general ansatz: 

2i + l = ±^m + £r(j,7), (3.27) 
which in the limit £ — > reduces to our previous result. Here r{j, 7) could be, in 
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principle, an arbitrary function of the j's and the Liouville dressing 7. With the 
kinematics (3.27), we get: 

s^2j2 + l + '-r (3.28) 
with r = r(ji, 71) — r(j2, 72) + 73). After simple transformations we obtain: 

y2 = (-)^+V'^+'^A(-8j2 - 2)a(2j2 + I). (3.29) 

J- [4) 

In the above formula there appears a multiplicative factor: 

^_ r(g + ^) 
"r(£±4)r(. + i)' 

which comes from the regularization. We have no further constraint on the pa- 
rameter r that appears in the above expression. The best we can do is to fix it 
by physical arguments. Choosing r — 4 will imply that the three-point function 
factorizes in leg factors and the four-point function will have obvious symmetry 
properties. This imposes strong constraints on r. We will have to set r = 4 and 
the contribution of the renormalization factor is one. We will come back to this 
point when we discuss the A^-point functions in our next publication. 

Our result for the on shell tachyon three-point amplitude is obtained from 
(3.14), (3.24), (3.26) and (3.29): 

3 

A{juj2:Js) = -p'^-\-7rMA{-p)yflA{-8ji - 2)a(2j, + ^)a(2j, + ^), 

1=1 

(3.31) 
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(3.30) 



which can be transformed finally to*: 

_ 3 

A(ji,j2,j3) = M'l[A(-Aji - 1) (3.32) 

i=l 

where M = -7rMA(-p)p-2. 

We can translate our notation to the one used in c = 1. It has been shown 
[6] [10] that the black hole mass operator corresponds to a discrete state of c = 1 
up to BRST exact terms. In this language the /3-7 contribution of the correlators 
cancels out and the vertex operators can be written as: 

V± = e^-V2±\p\)4>+ipX_ (333) 

Here ± denotes the tachyon vertex operators on the right (wrong) branch, which 
represent the incoming (outgoing) wave at infinity [29]. We can write the result 
for the three-point function of on shell tachyons in the black hole background as: 



3 3 

^(pi,P2,P3) = M^'nA(l-v^|p,|) , s = l + ^J2(M-^)- (3-34) 

i=l "—I ^ ' 



Which can be compared with the c—1 three-point function, with tachyonic back- 
ground [19]: 

^(pi,P2,P3) = [/^A(-p)]^n(-7r)A(l-x/2|p,|) , l^l + l^j'M-iV 

i=l 1=1 ^ 

(3.35) 

There appear several remarkable features in our result: 



★ We absorb a factor of two in the definition of the path integral 
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• In order to get finite correlation functions, the black hole mass has been 
infinitely renormalized, as is done for the cosmological constant fi in Liouville. 
Here it is known to be equivalent to the replacing e~^'^ — > ipe^^'^, which 
may have physical interesting consequences. Perhaps this will be the case for 
the black hole model as well. 

• Prom the zero mode integration of the A'^-point function in both theories, we 
see that the number of screenings for the black hole is twice the value of the 
c = 1 model. 

• The amplitude can be factorized in leg poles, which (with this normalization) 
have resonance poles where the c — 1 discrete states are placed. The new 
discrete states of Distler and Nelson do not appear. The explanation of this 
is that these extra states are BRST trivial in the Wakimoto representation. 
This has been shown by Bershadsky and Kutasov for the first examples [10]. 

4. THE TWO-POINT FUNCTION 

In this section we will calculate the two-point function and compare our results 
with standard non-critical string theory, the positions of the resonance poles that 
follow from the quantum mechanical analysis carried out by Dijkgraaf et. al. [5] 
and the correlators of the deformed matrix model of Jevicki and Yoneya [11]. If 
we have c < 1 matter coupled to Liouville theory the simplest way to construct a 
two-point function of on shell tachyons is to use the three-point function. One of 
the operators is then set to be the dressed identity and this is the derivative with 
respect to the cosmological constant fi of the two-point function [19]. In this case 
the situation is different because the interaction is not a tachyon but a discrete 
state of c = 1 [10] [6]. Portunately we can construct the two-point function of (not 
necessarily on shell) tachyons in the black hole background. We will do that with 
two independent methods, as a double check of our computation. 



25 



4.1. Two-point Function with s - 1 Integrated Screenings 

We can perform a direct computation, fixing the position of one of the screen- 
ings at Zs — oo and evaluating the remaining (s — l)-integrals: 

Zs — >00 

(4.1) 

We can follow closely the steps of the previous computation, although in this case 
it will be much simpler. We use the representation (2.20) for the vertex operators 
and the bosonization formulas for the /3-7 system. The zero mode integrations 
give: 

S = Jl + i2 + 1 , mi 777.2 = 0. (4.2) 

Due to the kinematic relations satisfied by the two-point amplitude, the part of 
the integrand coming from the /3-7 system can be written as: 

1=1 I 

(4.3) 

where 

V = n^r^"'^(l - ^iy"'''-' Ili^i - ^j)- (4-4) 

i=l i<j 

This can easily be seen with the substitution Zi — l/m. After evaluating the 
contractions and taking — > oo, the complete 1 — > 1 amplitude is reduced to the 
evaluation of the following integral: 
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(Vji mi (0)V,, = (-)^M^r(-s) A(l + ji - mi) A(l + j2 - ma) 

fYldh^\z^\-^P^^-'\l - Zi\-^P^^-^ll \zi - Zj\^P. (4.5) 

1=1 i<j 

The result is well defined for p ^ —4 and can be obtained from (B.6): 

i^h mi(0)V,, m,{l)) = (-)^M*T(-s) A(l + n - mi)A{l + j2 - m2)r(s) 

s-l s-2 

(7rA(l - p))'*-! H A{tp) H A(-2jip + tp)A{-2j2P + zp)A(l + p(5 - t)). (4.6) 

1=1 i=0 

In the next section wc show that the two-point function of (not necessarily) on 
shell tachyons is only different from zero for ji = j2 = j, so that we set s = 2j + 1 
and, from the conservation law mi = — m2 = m > 0, we obtain for an arbitrary 
level: 



{Vjm{0)Vj-m{l)) = (-7rMA(-p))^A(l+j-m)A(l+j+m)sA(l-5)A(ps), (4.7) 



If /c 7^ 9/4 and the tachyons do not belong to a discrete representation of SL(2,1R), 
the above amplitude has one divergence, which appears for s integer and comes 
from the zero mode integration. For A; = 9/4 we demand j ^ ^/2, which implies 
that s is non-integer. This can always be done, since the above expression is well 
defined in this case. The final expression for on shell tachyons is: 
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(V,m(0)V,_^(l)) 



(A(-4j - 1))2, 



(4.8) 



2j + l 



where M is the renormahzed black hole mass previously defined. We will comment 
on this result in section (4.3). 

4.2. Two-Point Function with s Integrated Screenings 

We can obtain the answer from the three-point tachyon amplitude that contains 
one highest-weight state Vj^j^, taking the limit ji — is ^ 0. In this way we are 
fixing only two points of the SL(2,(D) invariant 1^1 amplitude. The result will 
contain a divergence coming from the volume of the dilation group [30] [25] . 

First we can show that this amplitude is diagonal by pushing Jq and Jq 
through the correlator [15]. Here again we will use that the screening charge 
commutes with the currents. We obtain the relations 



From the X zero mode integration we get 1712 — m and ms — —1 — m, so that this 
equation has two solutions, one with j2 — —l—js, which contains no screenings, and 
another one with j2 — js, which is a two-point function with s — 2j2 -|- 1 screenings. 
The first one is normalized to one up to the divergence r(0) coming from the zero 
mode integral. We now compute the two-point function with screenings. 

We first consider the case of arbitrary k and take the limit /c ^ 9/4 at the end of 
the calculation. From (3.11), we obtain for ji — is: 




32 - m2 



J3 - ms 



js + m3 + l 
32 + m2 + 1 



(4.9) 
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-4^4 4 = (-)*A(1 + j2 - m2)A(l + - m3)I(j2,j3,p), (4.10) 



where 



/(J2, J3, k) = MT(-5) lim y fl d^Zn\Zn\-^P'^\l - ^nl"'^^'^-' H 



I 



|4p 



n=l n<m 



-(7rMA(-p))^A(l - s)A(ps) lim A(l - 2pei)A((d - j2 + j3)p))A((d + j2 -i3)p). 

e— >0 

(4.11) 



Here wc have simphficd the products of well defined A-functions. To evaluate 
the limit we take into account (B.4) and the following representation of the delta 
distribution: 

5{32 - is) = hm - ..2 - (4-12) 

In total we obtain for the two-point function of generic (in general off shell) 
tachyons: 



-4^44 = 27^^p5(J2-J3)(-7^MA(-p))*A(l-s)A(ps)A(l+J2-m2)A(l+J3-m3) 

(4.13) 

where s = 2j2 + 1 and the level is arbitrary. This agrees with (4.7) up to a factor 
s and the volume of the dilation group 6{j2 — js)- 
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4.3. Comparison to other Approaches 

Using the c — 1 language, we obtain for the two-point function (4.8) of two 
Seiberg on shell tachyons in the black hole background*, 

(V;(0)Vl,(l)) = 4n(A(l - V2|p|))2, (4.14) 

which we now compare with different models. 

The two-point function of c = 1 with cosmological constant is: 



(y/(o)yyi)) = ^(A(i - V2\p\)f. (4.15) 

Comparing with the two-point function in the black hole background we find the 
same features as for the three-point function. The pole structure is the same as 
the one of the two-point function of c = 1, while the screenings differ by a factor 
of two. 

The two-point function of the deformed matrix model is given by the expression 
[11]: 

The position of the resonance poles are in agreement with the quantum mechanical 
analysis of Dijkgraaf et. al. [5]. Here only half of the states of c = 1 (the 
supplementary series) appear as poles in the leg factors. Both two-point functions 
can be reconciled if we take into account that we can renormalize the tachyon vertex 
operators in a different way according to the SL(2,IR)representation theory. If in 
the normaUzation (2.18) we use the on shell condition and take into account the 
antiholomorphic piece, we renormalize our operators as follows: 

★ We have absorbed a factor of 2 as before. 
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Here a regular function depending on p has been dropped, which is not determined 
by (2.18). The two-point function of these operators in the black hole background 
agrees with (4.16). It is simple to see how the A'"-point function of these differently 
normalized tachyons behaves. The A^-point function with chirality (+, ...,+,—), 
will be divided by a factor A(— s — [N — l)/2), coming from the state with the 
opposite chirahty. This will imply, that (+, ...,+,—) odd-point functions of these 
operators vanish for positive integer screenings, if they were previously finite. For 
even point functions this factor is of course irrelevant for integer s so that they 
are finite in this case. Which one is the correct physical normalization is to be 
clarified. For related problems see [25]. 

We can compare the result that we obtain for this three-point function with 
the deformed matrix model where these odd-point functions generically vanish. 
While the zero of our three-point function holds for integer screenings and has it's 
origin in leg factors, this does not seem to be the case for the deformed matrix 
model, where the nonfactorizable part of the three-point function coming from the 
collective field theory has zeros for arbitrary odd-point functions [11]. We think it 
must be found a way out of that if we would like to reconcile both approaches. 

5. CONCLUSIONS AND OUTLOOK 

Using the Wakimoto free field representation of the SL(2,lR)/U(l)Euclidean 
black hole, we have found that tachyon two- and three-point correlation functions 
share a remarkable analogy with the amplitudes of c = 1 coupled to Liouville at 
non- vanishing cosmological constant. This observation was made by Bershadsky 
and Kutasov for the bulk amplitudes, i.e. those amplitudes where no screening 
charge is needed to satisfy the total charge balance. In order to have non- vanishing 
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correlation functions, we have infinitely renormalized the black hole mass. This 
is a well-known phenomenon for c = 1 and in this case it has interesting physical 
consequences. Perhaps this is the case for the black hole mass as well, further 
investigation is desirable. 

The amphtudes factorize in leg factors, which have poles at all the discrete 
states of c = 1. The new discrete states of Distler and Nelson [7] do not appear, 
because they are BRST trivial in the Wakimoto representation, as checked in 
[10] for the first examples. With our renormalization of the operators, we do 
not reproduce the pole structure of the correlators of the deformed matrix model 
[11]. Whether this discrepancy could be merely a normalization of the operators 
was discussed. The scaling of the correlators is different from c — 1, but can be 
reproduced with the substitution fj? — M. 

Of course, there arc a lot of interesting questions, suggested by these obser- 
vations. An important question is to see whether this relation to c = 1 persists 
for the A^-point function. Our preliminary analysis of the pole structure indicates 
that again all the poles of c = 1 appear. Further work is needed to obtain a closed 
expression for all A^-point functions on the sphere. In particular, it will be nice to 
see if we are able to obtain the result using the Ward identities of c = 1. We will 
report on that in a later publication. 

Furthermore it will be interesting to see whether it is possible to find a relation 
to the model of Vafa and Mukhi [31] and to use the powerful methods of topological 
field theory to evaluate correlators on higher genus in the continuum approach. 

As an important application of the obtained two point function we consider 
the determination of the exact Penrose diagram for the quantum theory in the 
Minkowski case. Work in this direction is in progress. 
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APPENDIX A 

As an illustrative example we will consider in more detail the three-point function 
with one screening. In this case we have: 

mi + m2 + ms = ji + j2 + Js = (A.l) 

and the correlator is given by: 



*M=0 



(A.2) 

To evaluate this integral directly, without any restriction on the m dependence of 
the three vertex operators, we have to use partial integration. We get: 



(A.3) 

where B{ji,j2) is the part coming from the boundaries of the region of integration. 
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It is proportional to: 

B{ji,j2) ~ J dh^{\z\-'P^^\l - z\-^P^--\l - z)). (A.4) 

This integral can be evaluated using (see appendix A of [23]): 

Jd'z-^^{f{z,z))^-ydzf. (A.5) 
s as 

We obtain: 

-6(^1,^2) - -- lirris^o Idz \z\-^p^' |1 - z\-^p^'-^ {1 - z) = tt ]ime-^P^\ (A.6) 

2 J e-»0 

e 

where the integral is around a small circle of radius e around 1. The contribution 
of the surface term is zero for j2 > 0, finite for j2 = and diverges for j2 < 0. As 
argued by Green and Seiberg [26] , one has to add a finite contact term in the case 
where the boundary terms are finite and an infinite term if they diverge in order to 
render the amplitude analytic. These contact terms can be avoided by calculating 
amplitudes in an appropriate kinematic configuration, where the contact terms are 
not needed, and then analytically continuing to the desired kinematics. For s > 1, 
our argumentation will be the same as for s = 1, and we will restrict the values of 
j to the regions where the boundary terms vanish. This also means that we will 
restrict to the kinematic regions where Jq commutes with the screening charge. 
We can compare this result with the one, following from (3.14) which is based on 
the analytic continuation in ki — ji — mi to non-integer values. We obtain C for 
integer screenings expanding (3.20): 
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_ r(-2ji)r(s + i) ^ r(mi - n + 1) 



r(-2ji + 5) -^^ r(mi-ji) 

r(-m2 - J2 + ^) r(-mi - ji + 5 - i) r(m2 - J2 + s - (-)' 
r(-m2-i2) r(-mi-ji) r(m2-i2) (s-i)!i! 

which for s = 1 gives: 



Cs=, = ^-ll^^l^^ (A.8) 
Ji 

With (3.14) and (3.13) the amphtude becomes (A. 3), where B{ji,j2) = 0. With 
this exphcit example, one can aheady see that the analytic continuation in ki is 
correct. The integral can be solved using (B.7) for m = 1 and the result is (3.32). 
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APPENDIX B 



For convenience we will collect the identities of F functions that we have used in 
our computations: 

F(l + z-n) = (-ir^^^^i±^H^ , neJN, (B.l) 

L [n — z] 



J](^+x) = ^^^^^ , A{x)A{-x) = -^ , A(a:)A(l-a;) = 1 , A{l+x) = -x''A{ 

(B.2) 



r)2x—l / 1 \ / 1 \ 

F(2x) = ^^F(a;)F(x + ^) , A{2x) ^ 2'^'^-^A{x)A(x + ^) . (B.3) 
yTT \ 2/ \ 2/ 

To regularize the result of the singular integrals we use: 



f yn 

limF(-n + £) = — r + 0(l) for n G IN. (B.4) 

e^o ^ ^ er{n + l) ^ ^ ^ ^ 

The definition of the hypergeometric function, which we need in section 3 to com- 
pute the three-point function of generic tachyons, is: 



r(p)r(a) ^ Tja + unp + z/)r(7 + u) X- 

3^2(0;, /3, 7; p, (7 > — vFT — ^ — ^ r- (B.5) 

F(a)F(/3)r(7) ^ r{p+u)r{a + u) v\ 



The following identity, known as "Dixon's theorem" , is useful to evaluate the three- 
point function of on shell tachyons: 
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3J 



F2(a, b, c; 1+a—b, 1+a— ell) 



r(l + f )r(l + a - b)T{l + a - c)r(l - 6 - c + f ) 

r(i + a)r(i - 6 + f )r(i - c + f )r(i + a - 6 - c) ' 

(B.6) 



Finally we have used the Dotsenko-Fateev (B.9) formula to evaluate the integrals: 



^ „ m ^ m m 



i=l 1=1 i<j 



m— 1 



JJ A(zp) JJ A(l + a + zp) A(l + /5 + zp)A(-l - a- /3-(m-l + i)p). (B.7) 
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